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A short introduction to the Anti-de-Sitter/Conformal Field Theory correspondence and related ideas.
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Introduction
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Quantum gravity in asymptotically anti-de-Sitter spacetimes has been conjectured to be equivalent to
a conformal field theory on the boundary [1-3]. Here we introduce anti-de-Sitter space, some basic notions
about conformal field theories and describe the general connection between the two. We then mention a
particular example, the duality relating AdSs X S° to V' = 4 supersymmetric Yang Mills theory. We describe
some applications to black holes and conclude with some interesting connections between entanglement and
spacetime geometry.
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Gravity in Anti-de-Sitter Space
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The Geometry of Anti-de-Sitter Space
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Hyperbolic space is the simplest negatively curved space. If we make one of its coordinates time-like, then
we obtain Anti-de-Sitter space, which is the simplest and most symmetric solution of Einstein’s equations with
a negative cosmological constant. Its metric can be written in a variety of coordinate systems. For example,

in d + 1 dimensions, we have
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here R is a length scale that sets the radius of curvature of the spacetime. Via the Einstein equations, R can
be expressed in terms of the Newton and cosmological constants. In order to see more clearly the symmetries
of this space, it is convenient to view it as follows. We start from R%4 | a flat space with two time directions
with the metric
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and we consider the surface
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Even though the starting spacetime had two time directions, the physical space (4) has only one time
direction. To be more precise, the surface (4) has a non-contractible cycle, the angular direction in the first
two directions. For the physical spacetime, we want to treat this direction as non-compact, which is the same
as saying that the 7 coordinate in (2) is non-compact. This presentation shows that the symmetry group is

SO (2,d) , with the tilde related to the standard non-compactness of the time 7.
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The global coordinates (2) cover all of AdS;,; space, as their name indicates. The factor of costh can
be viewed as a gravitational potential with a minimum at p = 0. In fact, p = 0is a geodesic in this spacetime.
Other geodesics oscillate around p = 0. All of these geodesics are related by the isometries. This means
that an observer who is oscillating around p = 0 will feel that he/she is at rest. Due to the rapid rise of the
gravitational potential, a massive particle cannot go all the way to p = oo if it departs from a finite value of p
with a finite energy. On the other hand, light rays can go all the way to p = oo , and they do this in a finite
amount of time 7 . So, if we set reflecting boundary conditions at infinity, they would bounce back to the
center in a finite amount of time 7 , which is actually ¢ = 7, see Fig. 1b. Even though the light rays go all
the way to infinity, when they reach infinity their local wavelength becomes very large, as seen by an observer
at a fixed p in that region. The Poincare coordinates (1) cover only a portion of the cylinder. In order to go
between the different coordinate systems it is convenient to use the coordinates in (4) as an intermediate step

by expressing (setting R = 1)
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and solving for Y_; — Y 4 using (4). Note that this expression makes it manifest that the coordinates (1)

cover only the portion with Y_; + Y 5 > 0. Similarly, we have
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From this we could find the relation between the two coordinate systems.
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Anti-de-Sitter space has a boundary, which is time-like. This is easily seen by considering the Penrose
diagram of AdS . This can be easily obtained by dividing the metric in (2) by costh . Then the geometry
becomes that of (time) XB; where By is a solid unit ball in R¢ . The boundary is then (time) X591, and it

sitsatp — .
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The metric on the boundary is
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which is defined up to an overall function Q of the rest of the coordinates. With the above procedure, we
have Q = 1. However, we could have multiplied the scale factor by an arbitrary function to get a different
metric. More precisely, the metric of the boundary is defined up to an overall scale, g, ~ Q2 (x) g - Infact,
if we multiplied (1) by z2 and went to z — 0, we would get the metric of R4~ , which covers only a portion
of the cylinder R x S9! and differs from it by an overall scale factor Q2 (x) .
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Fig. 1 (a) Anti-de-Sitter Penrose diagram. The boundary is a cylinder, the vertical direction is time, and
spatial slice is a d — 1 dimensional sphere. The interior of the cylinder is AdS . (b) Trajectories of massive

particles and of a light ray that bounces from the boundary

B 1 (a) RIEPURFZRIZ P W, 52— R, BETTFNE, ZSRETIA 2 d -1 4K,
FIFENEZ AdS o (b) A BUERALFFI LSS R ELe i

In the coordinates (4), we can think of the boundary as the region where YM — oo . Rescaling them by

an overall infinite factor, we define the finite coordinates X , which obey
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where the second relation arises from the fact that the rescaling factor is arbitrary, and it means that the
coordinates XM are projective coordinates. Furthermore, on this surface the group SO (2, d) acts as conformal
transformations. Let us discuss this last point in more detail. We can define a metric on (8) as
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where we chose one quadratic function of the coordinates so as to make the metric invariant under the

rescaling in (8). This metric, (9), reduces to the standard flat space metric, ddex'“ , after defining
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We now see that an SO (2, d) would change the metric (9) only by an overall factor, since the overall factor
is not invariant. Transformations that leave the metric invariant up to an overall factor are called "conformal”
transformations. This group of transformations include the ordinary Poincare transformations (translations,
boosts, and rotations) plus a scaling transformation x* — ox* and special conformal transformations, which
infinitesimally act like §x# = b¥*x? — 2x# (b.x) . These latter ones can be obtained by conjugating the trans-
lations with the inversion x#* — x— . Note that if we replaced the overall factor in (9) by X2, + X2 , we would
get the metric of R x §9~! as in (7) In conclusion, the SO (2, d) isometries of AdS act on its boundary as the

group of conformal transformations in a d -dimensional spacetime.
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It is often useful to consider the Euclidean continuation of Anti-de-Sitter space, sometimes called Eu-
clidean AdS or, more traditionally, hyperbolic space. This is just obtained by switching the sign of the dx3 in
(1), or dz? in (2), or Y§ in (4).

B RAETIR S R LR S aE R A M, RN SFRNEILER AdS, EESRIAHRE A
i, ERTFESE 1) T dx§ WFS, 82 Fd? NS, 5@ Yg IS RTRTS 2],

Quantum Fields in AdS Space
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We can consider quantum fields in Anti-de-Sitter space. Since AdS has an everywhere time-like Killing
vector, associated to d; , we can define a vacuum by picking the usual positive frequency condition. We can
consider the Hamiltonian that generates 7 translations, and call it H, . As we remarked above, the motion of
classical particles is oscillatory around p = 0 and, for this reason, we expect that energies should be quantized.
In order to study the spectrum of a free field, it is very convenient to use the symmetries. DefiningY, = Y_;+Yj
, the M, ; generators of the group act as raising or lowering operators. In addition, the Casimir, which is
quadratic in the generators, is a second-order differential operator, which corresponds to the wave equation.
So the mass of the field determines the eigenvalue of the Casimir. Together with the intrinsic spin of the field,
this defines the representation of the SO (2,d — 1) group we should consider.
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For the simplest case of the scalar field of mass m , we can find the lowest-energy state annihilated by the
corresponding lowering operators. This state has energy [2, 3]
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We have defined the eigenvalue of H; as A , which is the conventional notation for scaling dimension in

the conformal group. The wavefunction of this state is simply
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All other states have energies H; = A + n, and their wavefunctions can be obtained by acting with the
isometries. So we see that we get a spectrum similar to that of a harmonic oscillator. This is the spectrum of
single particle states of the quantum field. In the full quantum field theory, we can also have multiparticle

states with energies, which are the sum of the energies of the single particle states H; = Y, A; + n; . This is

1
the result if the field theory is free. If there are interactions, then the problem of computing the spectrum is

more complicated. However, if the interactions are weak, this will give the leading order answer.
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Notice that for large m > 1/R the energy (11) is approximately H, ~ mR . This is simply the usual
relativistic energy mc? , with ¢ = 1 and accounting for the overall factor of R in the metric 2 .
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Let us comment on a small subtlety. In writing the energies (11), we have implicitly put a boundary
condition at infinity. At infinity, the solutions of the wave equation go like o=, 024 . When m? > 0 only
one of them decays. It turns out that it is possible to have particles with m?R? < 0 as long, and this is not too
negative m?R? > —? [4]. In the range 1 — d?/4 > m?R? > —d?/4 it is possible to choose the other sign in
front of the square root (11) [5], which amounts to a different boundary condition at infinity. This then gives

us the full range of discrete unitary representations of the conformal group A > ? . The representation with

A= % is also unitary, but it corresponds to a free massless field purely at the boundary [6].
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Gravity in Asymptotically Anti-de-Sitter Spacetimes
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We now consider anti de Sitter space in a theory of gravity. If we simply consider small fluctuations
around anti-de-sitter space, the graviton is just one more field, and it gives rise to a particular series of states.

The lowest-energy state has spin two and dimension A =d .

BATIAEAES BN TS S AEPa R 2 H, QHERIRATOCE B SR AEPY R 2 B/ Nk, 5170+ U2
SMI—N, ERAERIIRRIE. RIKEERSHBEIEN 2, ERA=d,

In a quantum theory of gravity, we are supposed to sum over all spacetimes. In other words, we expect
that quantum fluctuations can change the geometry and the topology of spacetime. However, we expect that
we can fix the asymptotic form of the spacetime. For example, we can fix it to be asymptotically anti-de-Sitter.
We can impose this condition when we have a negative cosmological constant. In other words, the metric

should have the form
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at large p . The dots denote terms that are subleading at large p . At large p, there can still be quantum
fluctuations of the metric at distances of order the AdS radius. However, in (13) we are keeping the angular
coordinate differences fixed as we go to large p , which means that we looking at extremely long proper dis-
tances. Quantum fluctuations are small at such long distances, so it makes sense to fix the geometry. Notice
that this also amounts to a restriction on the energies of states we consider. We consider states with finite
energy E as we take the p — oo limit. We do not consider states that have infinite energy!. This might seem
a silly comment; however, if AdS is produced through a bubble nucleation event, then the state that is pro-
duced typically has infinite energy compared to the AdS vacuum [7]. In other words, we are talking about

AdS spaces, which are completely cold asymptotically, the large p region is locally in the vacuum.

FER p WKL, BIESAERK p FRIRFERI, K p 4, REN AdS FARHIEEES H55RAT DAfE
TEEMBTR Tk, B2, £ 13) A, HEITEEKR o i, BAVREABIREREE, XEWRER
TIME R KA E AR, & 7S ERXMRER MU, FitEE LR EHEN, EE, Xt
MG TR BAASHIRER M TIRAL, HIROITH o — oo HRIRM, FAWIFRAIZRERAIR EHY
B BN FIERERTTIRAAE! XBERRBRE 2 RS, (B0 R RAEPG RS R 2@ I
AR, AR AERSHET AdSs Ba@EH BATTRER [7], #AIEH, BATIHIEH2HnE
SEERAT AdS ZEF, K p XKBFRELTEZ,

These boundary conditions only fix the asymptotic structure of spacetime, but not the spacetime in the
interior. We can have black holes or geometries that are connected to other asymptotic regions (more on this
later).

XD FEEAANENE T I ZE RHEZEA, FHAEE BRI 2, PIERRT DA ARSI, BOZ e H
I DXIRET T LART (BT Ve S I IR),

This asymptotically AdS gravity theory might be ill-defined if the vacuum can decay into other, lower
cosmological constant spacetimes. In other words, to have a well-defined problem, we need to ensure that
the asymptotic vacuum is absolutely stable. This can be ensured if the theory is supersymmetric. We do not
currently know whether it is possible to achieve this without supersymmetry in theories that are approximated
by Einstein gravity (It has been speculated that it is impossible in [8].). In fact, it is interesting that AdS space
can preserve some supersymmetries, so that the symmetry group is enhanced to a "superconformal” group.
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Validity of the Gravity Approximation
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In the previous subsection, we discussed the asymptotically AdS gravity problem as if we knew what the

full theory of quantum gravity is. However, we presently do not have any formulation of quantum gravity for

10



general spacetimes. However, we have some approximate ways to discuss such theories. The first approach is
that of gravity as an effective field theory. This approach is applicable for relatively low energies, or when the
curvatures are sufficiently small compared to the Planck scale. In AdS, this amounts to the condition that
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c =—>1 (14)

grav GN
Notice that this quantity is dimensionless. 1/c 4, sets the strength of gravity at scales comparable to the
radius of AdS. This semiclassical approach to gravity will be well defined as long a ¢ g, is large, and 1/c ,, is
the effective expansion parameter. In this expansion, we encounter unknown counterterms at higher orders,
and so the theory is not precisely defined. Nevertheless, we can still do many approximate computations in
the regime in (14), but we do not know whether there is a fully defined theory that has the given theory as its

low-energy expansion.
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A theory that is better defined is string theory [9]. In this case, the complete perturbative expansion
in powers of the string coupling is well defined. It is believed that this expansion defines a unique theory
non-perturbatively. In string theory, there is a new length scale, the string length [ , which is larger than the
Planck length for weak string coupling. In string theory, the graviton is a small string of size I , so the gravity
approximation breaks down when we go to distances similar to [; . So if we want to apply the usual gravity

approximation we should require that
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R >1 (15)
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If this condition is not obeyed, the full string theory is still well defined, but it might be harder to analyze
since it does not reduce to Einstein gravity. We should also mention that in string theory we have ¢ g, o 1/ g2

where g is the string coupling.
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Some Interesting Gravity Computations
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We will mention here some interesting computation that can be done in any theory of gravity in AdS
. The simplest computations involve the Euclidean case. One can consider the Euclidean AdS spacetime

written as
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ds? = R? [do? + sinh’0d Q3 (16)
where the boundary is a Euclidean sphere S¢ . We can compute the gravitational action on this geometry

by integrating
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where h is the metric restricted to the boundary. It turns out that this is actually infinite basically because
the bulk term is proportional to the volume and the volume is infinite. Before getting disappointed, it is
useful to understand the origin and the nature of this infinity. For this purpose, it is better to consider a slight

generalization of the problem. Imagine that we fix a boundary metric of the form
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Suolbdy = o = (8)

where u, v are indices along the boundary. We will be interested in taking ¢ — 0 keeping ]:l\’uv finite.
Then, for any finite ¢ , we can "fill in” the space with a metric obeying Einstein equations with a cosmological
constant, which will give us an Einstein space, with R;;, « —g,5 , Where a, b are bulk indices (Fig. 2). We
then compute the action using (17), which gives us a finite answer. The divergence then appears as we take
€ —>0.In(16) ﬁ/w is the metric of a unit sphere. However, to shed some light on the divergence, it is better

to keep it general. We then find that the most divergent term goes as

HA v BINA TR, BRATGE SRR e — 0. FINERE Ay, GRS, ILIHERER
[ e, FRATTAT ARG 2o 3 6 1 B0z (ETE T R AL “H5e” s, 198 — D2 RIETHE R, i
R Rap  —8ap , HH a, b BIKTEIR (8 2), BEEBMIAM 17) HEMERE, MERIIERER, &
BRAEBRATE e — 0 ARBRES B, 1 (16) 1, Ry, 2 BANEREINEERL, AR T FE R R BITER,
BATRGFRFEH — . BN LB BRI AT R
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—I~ 871'G1)112 _/\/_ (:ﬂGjt)llegld f\/;l+ (19)

We see that this is a very simple term. It is given purely in terms of the boundary metric h , and we do

not need to know the details of the solution that "fills it in,” which is the complicated part of the problem.
This expression is a single integral and can be viewed as a purely local contribution since it depends locally
on the boundary data given by h;; . When we evaluate the action, we can then subtract this local divergence
and get something less divergent. It turns out that there are subleading divergencies, but they are all of the
local form, except that they involve higher powers of the curvature tensors [11,13]. For example, the next
correction involves \/ﬁRh where Ry, is the Ricci scalar for the metric h,,, . We can view these contributions
as "local counterterms” that we need to add to make the final result finite. These do not depend on the bulk
solution. It requires some computation to show that after subtracting these local terms, the resulting answer

is finite.

AT AR X R —NER B AT, TR EM b A, BRINAEEME “Hx” XN’
X NREIANTT —IRA R BRI B A . X DRIXAXZ RN, AIDEFAREoEt, Eohe
JRIBHERT hy; G HRL SRR, THRAERER, AT PURZX N R, 152 AR R AR
MIEER, FR B AERICRARL, HEML2ZRBIER, RS KRk &1 SR
[11,13], I4n, ?#A{I%Elﬁ@a SVRRy, , HH Ry, R by, (B ZRRE, FRATTAT AKX LE TR
MR “RBHERIHIT, BINENTMAELRASE /AR, IXEARIH UM T4, s T+ 5mT DUIE
B, BMERLERBIE, SEIRERZHR,

hyy hyy

Fig. 2 The gravity partition function with given boundary condition can be viewed as a sum over ge-
ometries, which obey the asymptotically AdS boundary conditions. Classically the first geometry is found by
solving Einstein’s equations with asymptotically AdS boundary conditions. In practice, we only know how to
perform this sum in very special two-dimensional theories of gravity [16,17,17 — 19]

2 LR EIN AR5 | B 53 BRI ERT DA VB X T T AdS IO SR AR T LIRSk A, £ 8LE T |,
BN U B IS SR RSN AdS IO TR Z KSHE G EARI, 2R, FRA1GmE N
TEIEE Rk —4E5 [ TG [16,17,17 — 19] FRSERUX KA

These subtractions are simplest in the case of odd d . After we subtract all these terms, the answer does

not depend on the overall scale of the metric & . For the sphere we find that integral for the vacuum hyperbolic
space gives [12]
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4 d AN, IXERIEIR R A R, AT AR, SERAMO T AL h BB, X T
BRI, FeAlTRT DAS 2 H 23 Xl 23 R AR 45 500 [12]

7R?
logZ ~ —I = _E’ for d = 3. (20)
We can think of this as the leading approximation to a gravity partition function, Z , which is formally
the sum over all geometries whose boundary is a sphere. The right-hand side is the leading classical answer,

the next term comes from the determinants of the quantum fields around hyperbolic space.

BATAT AR LB RS [ I BC 7 bR AK Z KBTI, AL bR EOE 2 B2 Xt FrE i 5 Bk T L
ARA, AR WCKH AR, N0k B RE 7 NE 31751,

For even d there is a logarithmic term in € and the finite answer, after subtractions, actually depends on
the overall scale factor of & . This can be viewed as a conformal anomaly and the variation of the action is

local and expressible in terms of the curvature tensor [3,10] .

= d NI, SRPRHBLDRT ¢ BINBOR, BIAGTS 210 REREIR ARFT h REA
PVERTF. XA DR RE, (ERRIZE SRR, FTROEEhRKE [3,10] &R,

Another interesting computation is the following (Fig. 3). We consider a boundary, which is S? x S4-1 .
One possible Euclidean geometry is (2) with T — itg and g ~ 75+ . The gravity action is then proportional
to 8, and the proportionality constant can be viewed as a vacuum energy or Casimir energy on the sphere. A

more interesting geometry is that of the Euclidean Schwarzschild AdS black hole

H—ABBRIH T (8 3), FATEE—DILS, B S! x s971, fFAE—ATRERIKU LEAS L,
ERER 2), HES > irg Mg ~tp+ 6. SIMERRIELLT g, AR B NERE ERTE
ZREB R POR/RAE, SEARBAYLALZ W LS S ELPE AdS FATREY LA

ar
f

where u is adjusted so that when f = 0 the 75 circle shrinks smoothly. This gives u as a function of S .

7

2 _ p2 2
ds* =R deE+ rd_—Z

+r2dQ3 |, f=1+4+7r* - (21)

There is a real u solution only for 3 sufficiently small. Subtracting the divergencies as above, we can evaluate
the action. In this case, the answer is a nontrivial function of 8, and for that reason, we get a nonzero entropy,

which is given by the area of the horizon S = A/4Gy .

HA® u)E, 3 f =0, op B FEWGE, HILa]fS w2 g IR, (X5 g R/, A7
u HUSEAR, MBS A IS, AT IR HERE, XG0T, 48582 g HIAEF LKL,
RIEBANSEAET, BHASRER S = A/4Gy i,
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Sl Sl

Sd-l Sd—l

(a) Black hole in AdS (b) Thermal AdS

Fig. 3 Two ways to fill in the same boundary conditions, which are those appropriate for the thermal
partition function on the sphere, namely S* x S¢=1 . (a) The Euclidean AdS Schwarzschild black hole where
the S! is contractible in the full geometry. The circle shrinks to zero at the horizon. (b) Global Euclidean AdS
with Euclidean time identified. Here the S%~! shrinks to zero in a smooth way at the origin and the circle

never shrinks to zero size

K 3 EFEMH FIL SRR T, XA FEEE R T BRI _EATREL iR, Bl ST x s971 ., (a)
BRJLEETS AdS SEELPERIR, Hr st 52 LA al s, iz BEEMSAERaE N E, (b) BRI LE
1§ Ads, BRJLEAGNFHER, XE S9! R R PR lgEnZ, MR EAZ R 2BEERIE R

We see that for sufficiently small 8 there are at least two candidate solutions. Which one should we pick?
In principle, we should sum over both of them, but the one with the lowest action dominates. The difference
between the two actions leads to [14,15]

BATRIIEE], 3 g R/, EDFEMMEIEM, BANZEREM— D7 N EBATIN 2% =3
ACRAN, (EfEFHRREIRS TS HNERRIZESH [14,15]

Vol (S4-1) rd=1(1-r2)
4Gy (dri +d -2)

log Zgy — 10g Zrhadas = —Ign + Ithadgs = (22)

where r, is the largest root of f = 0in (21). We see that for r, > 1, the black hole solution dominates.
This happens when the temperature is sufficiently large. This is a first-order phase transition, the entropy is

discontinuous because it is zero for the first solution but nonzero for the black hole solution [14].

Hrpr, B QD W f = 0 FUERKIR. BATATRD, X+ r > 1, BRABSES. ZMELEEER
RN, X, MAES:, BN DMRERNE, mATRRRREIEE [14],

Conformal Field Theories
it

A conformal field theory is a special kind of quantum field theory. It is a quantum field theory that has no
dimensionful parameters and has a scaling symmetry. Scaling symmetry generally leads to a conformal sym-
metry. Conformal transformations are coordinate transformations that preserve the metric up to an overall

scale factor and were described around equation (9) (The case of d = 2 is special, and we have an infinite-
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dimensional group called the Virasoro” group of conformal symmetries. Only an SO (2, 2) subgroup leaves

the vacuum invariant, the others create some excitations.).

Lt E —RKRRNE 7, ERTEENSH. BARENHTENE e, FREMFRIE
H2SUHIENRIE, PR RERE P BARERTRIERER, RMNEEETTRE 9) Kt
M TR (d = 2 BTEOLELESRR, BATRSE— RN “Virasoro BE” HITCIRAEFTEXIFREE, X
FE— 50 (2,2) TRHAREZSAZE, HRTHIISERR).

For theories that are conformal invariant, the trace of the stress tensor vanishes, Tj = 0. This implies
that the theory is also Weyl invariant, namely we can change the scale factor of the metric of the space where
the field theory is defined, h,, — thw, for any function Q (x) . To be precise, for even d , this symmetry
is anomalous, meaning that the partition function changes by a c-number, which involves the curvatures.
This can be also expressed as saying that the trace of the stress tensor is proportional to terms that involve
the background curvatures. It is important that this anomaly just involves the background fields and not
other operators of the theory. So the dependence of the partition function on the scale factor of the metric is

completely determined.

N TREABNEIS, fEshEKRITEAE, T =0, XEWEZIHICHEEIMRALME: B
A DA 10 7€ RS IR E B REE T, hy, — Q%hy, SERREQ (x) BBRAL, HERRSRIL, Bl
X d, NIREHAAERE, BB RERZ H 0 c BOR, XIS RAR, TRl
REANEIKBANSIELL T U EE RENRI, EEAZE, ZXMREMNERERY, A LEIERHAD
BRY, DRI o BRSO B RUEE R UMK S 2 E Y

There are many conformal field theories, and they can be defined in various ways. Simple examples are
a free massless scalar, a free massless fermion field, a d = 4 Maxwell field. All these examples are free, but

there are also examples of interacting CFTs, which will be more interesting for our purposes.

HpICEEE, Al POaEE 2770 Ko RERF R R B mfr g7, TohiE Al ek
T, d =425t FrAiXEf A2 mEe, ERFEHLEREmendly, T
BANTHET S, XELPHICEHER,

A basic property of the quantum field theory is a measure of the "number of fields” it contains. This is a
tricky thing to measure when we have an interacting theory. One way to define it is via the two-point function
of the stress tensor operator, which has the form [20]

BT —PMEAEFRERCHUEN “GE", EAEERAMEIETRXNRBIFAEZE L.
— i 7 AURE I RESh B ok BRI ROk £, PO [20]

C
<T’uv (X) T’ulvl> = xTTdI“v’“,v’ (23)

where [ is a definite tensor involving the indices and x* with weight zero under scalings of x [20]. Up to
the overall constant, this form of the two-point function is fixed by conformal symmetry and the conservation
of the stress tensor. The coefficient ¢y is a measure of the number of fields of the CFT (There are other
measures that are better from the point of view of the renormalization group flow [21,22], but this one is
useful for our purposes.).
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HAp 12— e SERKE, BAE x BT x# BEENF [20], FREAFEEON, MWROKHK
BREEX MR HE VR IERIRES Bk BT EREME. R cr MUEXNITE L H W E &
(MEBCIHRAERE, FAELMESENER [21,22], ERXNEXBMNGHEEZE ),

One way to compute this correlator is the following. We can consider the CFT on an arbitrary back-
ground metric h,,,, and compute the partition function on that metric. This partition function will have UV
divergences, which involve integrals of f \/ﬁ and f \/ﬁRh and so on. After these divergences are extracted,
the renormalized partition function, Z [h] , is a Weyl invariant function of /4 up to the conformal anomaly. We
can then take functional derivatives to extract correlators.

TR SRR B — R T U R FRATTRT DU S A L TS SR R by, b, MR R
RS BRI, X MECS MBS IEEEANE B, RIS SR VAR, SHIRSY, SREHIXLE R BY
WS, EEMES R Z [h] 1 h MR, BRI B ANEEAMRAREE, 2 TN TAT Ui 12
B AR A LR AL

<T,u1v1 (xl) T,uzvz (xz) T,unvn (xn)> =

3 5 s B Z[h]
5hu1v1 (xl) 5hu2v2 (x2) 5hunvn (xn) Z [77] h;,w_”)/w

where we set the background metric to the flat metric after taking the derivatives.

(24)

B SBERIMBRERERRE N FTEER,

The conformal symmetry constrains these correlators. The two- and three-point functions are deter-
mined up to a few constants [20], but starting from the four-point functions we can start having arbitrary
functions of conformal cross-ratios (combinations of coordinates that are conformal invariant). These corre-

lators contain more information about the details of the CFT that we are considering.

TS FRIE 200X E2 S IR R B4 1 2 TR T R = e SRR B BB D BT LA B M e 2 E (20,
{EPY SRR EOT46, SRR AT DURITH S X L CRARRISLE AR A &) AR L, X858
PR S T BAVR R R Ie B2 AT (5 R,

* i
P |

Gd-1
. Sd1
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Fig. 4 On the left side, we have the Euclidean plane. On the right, we have the cylinder. An operator
inserted at r = 0 creates a state on S%~! , which can be viewed as a state of the theory on the cylinder

B 4 ZEMZ2 WL FE, AM2E, AL r = 0 CNERSTE s EPE—NE, XDESA
DB IS E R A ERES

An important property of a CFT is the full set of local operators that it contains. Each local operator has a
spin and a scaling dimension A . This set of operators are in one-to-one correspondence with the set of states
on the same CFT on the cylinder (time) xS4-1 see Fig. 4. This arises because we can write

P — P EEEFRR EU SN RBERE S, BNRBREREE BRI E4ERE A . X
LEELRFANEAE: (N R 75 1)) x S9! BRI —MLEIHEHNEEE ——X M, SWE 4, XN CRA]
5N

ds> = dr? +r?dQ}_, = r*[(dlogr)’ + dQ3_, | (25)

so that the plane and the cylinder are Weyl equivalent. Operators inserted at the center of the plane can
be viewed as creating a state for the theory on the cylinder. The scaling transformation » — Ar corresponds
to a Euclidean time translation on the cylinder. So that the scaling dimension of an operator 0 — 120,
corresponds to the energy H, = A of the theory on the Lorentzian cylinder. Since the sphere S¢~! has a finite
volume, the spectrum is discrete. In particular, in any CFT there is an operator of spin two and dimension
A = d , which is the stress tensor. In addition, there will be infinitely many others. This precise spectrum is a
distinctive signature of the CFT.

PRIt A R AR S MREET Y, ACFE ORI EAT AT R ERIBE R A R — DA, PR
e r - ar M EAE BRI LESN RS, FIRERF 0 - 240 BISRELERN Mg e 44 B LRI
MIRER H, = A, HITERME s ARIEIR, EEE. BAMS, RIS EEE—1 8
Beh 2. HEEN A = d RS, RtRRERNEKR, RIELZINESFETLT ZHMERT, XER
T B2 T 718 MR RFAE,

The AdS/CFT Correspondence

AdS/CFT XM

So far, we have separately discussed gravity in AdS 4, and a CFT . The correspondence is the claim that
these two are the same [1-3]:

FIHACYIE, BAELDHNTIE T AdSqy FHITIIF—D CFTy o X MARIX —H 2 FHTHY [1-3]:
Quantum gravity with asymptotically AdS ;,, boundary conditions is the same as a CFT,
TRHNE AdS g4 IDFRFARIRTSIFN T4 CFTy

In other words, a particular well-defined quantum gravity in AdS,, leads to a well-defined CFT on its
boundary. Even if we do not have an independent definition of that CFT, this is a nontrivial statement that has

18



important implications for the quantum gravity theory. Similarly, any given CFT, can be viewed as a possible
quantum gravity theory in AdS4,; , though this gravity theory might not reduce to an Einstein gravity theory
that is simple to analyze.

BAPTERL, AdSg P NEXRIFHIRER T30, SIEHGR EEE—NE X RFRHETIT
(CFT), RIMEFATIEA % CFT BMNLE X, X2 —NEFLieH, MEFsIhBEIeAEER Y,
B, EELGEN CFTy #RA] AN AdS 44y FH—DRTBERIRF5103IE, FRd s [ EIer
—EREIRM N 5 T o A& KIHH S [ #Ie,

We will later give some examples where we have independent definitions of the quantum gravity theory
as well as the CFT.

BAREERGH L6, EXEF] T BRI G E T 5 DB IRIE X

General Implications

—HEIE

The correspondence can be applied for a case where the metric at the asympotically AdS boundary is

nontrivial, as we discussed in section "Some Interesting Gravity Computations.” Then the claim is that [2, 3]

IEANERATIE “— LGRS TR — T iieR, 200 N RT PAR TG AdS 305 EEREF R
B, 45t [2,3]

Z Grav [h] = Zcpr [h] (26)

where both sides depend on the same metric h, . In the right-hand side, this specifies the metric of
the spacetime where the CFT lives. On the left-hand side, it specifies the metric of the asymptotic boundary
of the locally asymptotically AdS space. The leading order approximation to the left-hand side is given by
exponentiating (minus) the classical action of the classical solution that obeys the boundary conditions set
by the metric h,, . By this method we can compute the correlation functions of the stress tensor in terms
of Feynman diagrams in AdS [3], see Fig. 5. In particular, the two-point function leads to a result that is
proportional to ¢z, (14). In other words, ¢ o Cgp, - This implies that a semiclassical gravity theory cor-
responds to a CFT that has a large number of fields. For example, if we had a four-dimensional space with
a negative cosmological constant equal in absolute value to the dark energy in our universe, then we would

120

need a three-dimensional CFT with 10" fields. This number is the “surprising” value of the cosmological

constant in our universe.
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HAP AR TR —NEM by, o AN, EF6E T CFT FIENZRERM, fFEMN, BIEE T
JREREIE AdS 25 [RIATIIA S AL 72 M BRI AL F T AR by, BB I SRR HOEE SR
9 () e BBEE RIS 2, WX, BT DA AdS Y2 2 EIHREERIEKE
RUSRHREREL [3], Z0E 50 R, MRBRBIIEERIELT cgny 14) BEZ, cr < Cgray o XL
B LS B NS RUR 2 1 CFT. 140, AR —DPugEasiE), Hoy e g
EEFRAVFHPRERER, IARNEE—NEAE 107 MM =4 CFT, XMHE ERRA]
FHRPFEHEFHE “LNEF KHE,

The correspondence also relates the spectrum of the CFT on (time) xS%~! to the spectrum of the gravity
theory in global AdS. In particular, the graviton is related to the stress tensor. Multigraviton states are related

to products of stress tensor operators, etc.

O RLERE (I TH)) xS9-1 b CFT BUIBER R EHMA AdS i IV FIeRYIE, BACRY, 5107 RIAE
BRKE, 29N FENNERSRIKERIFIFRMN, DUk,

Fig. 5 The computation of correlation functions on the boundary can be done in terms of bulk Feynman
diagrams (Witten diagrams). Here we show a single example involving stress tensors on the boundary and
gravitons in the bulk

B 5 35 B RERRR R T AT DUEI A 2 2 18 (B 5eil. XEBNRR T — M RIAS e
BRI R IKEATT] 7 B fa sl

uv Uv

gravitons

A very interesting application involves black holes. We can consider the Schwarzschild AdS black hole
we discussed around (21). This is a configuration with large energy in the regime that we can trust gravity
(14). Therefore, it corresponds to a large energy or large scaling dimension configuration in the CFT. More
precisely, it an ensemble of states in the CFT. It could be viewed as a configuration at finite temperature, which
also has a large entropy. In particular, the entropy of the black hole arises from the logarithm of the number of
states in the boundary theory. So this gives a microscopic and statistical explanation for the entropy of black
holes (The first microscopic computation of a black hole entropy was done for extremal black holes in [23].).
In addition, the time evolution is clearly unitary in the boundary CFT. So, according to the correspondence,
the black hole also evolves in a unitary fashion. This means that information is not lost in processes involving

AdS black holes, in contrast with the arguments in [24]. The processes that are easy to translate between the
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bulk and the boundary are processes where we perturb the black hole by sending or receiving perturbations in
the asymptotic boundary region. This corresponds to acting with simple local operators in the CFT. These are
processes where we look at the black hole from the outside. So an important conclusion is that black holes, as
seen from the outside, can be described in terms of ordinary quantum systems and evolve in a unitary fashion.
The description of the interior of the black holes is more subtle and can require degrees of freedom, which

are not part of the CFT as we will discuss below.

—MNMEEABI M ARRRE R, BATATLAEE 21) AT IRH L FLrG AdS B, X2—ME
SIHPTEER X ENRERIR &SR (14), BIHEXR CFT SR REUNAREE4EEAUAG R, BE iR
Hi, EJ2 CFT FI—PERSE, AIDWEFEREE MHAR, FERBEARARRE, Aifk
Wi, FRTEVRRIR T I S ENe RSN R, Xatda T RO ST TR (58— AR
AU BB B A TR 52 Y, UL [23])e ISR, 3A5R CFT AR RIS AR X IERT, AR
PRz, PRRREAHEAIER, X AdS RAZETEEAIER, M [24] PRI KR,
IREA GAEARID ST 2 R R, REANDIAF XA, ERIS R RIS, X
T1E CFT HEA B AR RIERESRF, XELEZRNMINTN RS RE, FERIES— P E
BEEIE: WAMNERILIN A AT v DU @ & 7 R oufiliid, His@ X 1ER), RIRPREREEEIR N ERM LD,
FIREREIRAIE TRZIEH, 8T CFT M H HE,

The AdS; x S°> and V' = 4 Yang Mills Example

AdSs x S° 5 N = 4 ¥ KR Wi 1

Here we give an example where we specify both the gravity theory and the CFT ind = 4 . In four
dimensions, a U (N) gauge theory, a Yang-Mills theory,

BAHERSEH— DT, FRREE T d =4 RSB TIL, FENYEH, UWN) et
Rtz -K/RIrEIE,

I =

Ty fTr [EwFH*] + % f Tr[FAF], F=dA+i[A,A] 27)

is conformal invariant as a classical theory. Here A = TaA/‘idx“ , where T® are N X N matrices, which
generate U (N) . As a quantum theory, it is not conformal invariant [25]. However, if we add additional
fermions and scalar fields, then it can be conformal invariant. An example is the most supersymmetric ver-
sion of Yang-Mills theory [26], which has four supersymmetries, N = 4. This theory contains (27) plus four
fermions and six scalars, all in the adjoint representation of the gauge group, with interactions fixed by su-
persymmetry. This theory is conformal invariant as a full quantum mechanical theory [27]. It is specified by
the gauge group, which we pick to be U (N) and the gauge coupling gy, and the 6 angle, both dimensionless

parameters. Since we have N colors, the effective interaction strength is proportional to
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TENGIPIEEIGE AL, AL A = T*A%dx* FF T* 3 N x N R, AR U N) . 1EVETFHIE,
EARAEAZLNE [25], HIMRERNBIMMATOR TR, Caln] MRSHEA LS, —4
BT R KRS R BRI A [26], BRAA I MNMEMFRE, BNV =4, ZHEIEEER
27) SN BERF N MRS, FrE SRR TATERIAEREROR, A A B AR E
I N R R T A HIE R IUE AR [27], EHAVERHAE, TATBREEN UW), itk
MTEREE gyp M1 6 A1, —EHBLBNSH. BTHNE NMFE, ARAEIEHREIERT

A=gyyN (28)

When 1 <« 1, the interactions among the gauge fields (and the matter fields) are weak. When 4 is or
order one or larger, the interactions are strong, and it is harder to do computations in this CFT. However,
exploiting various symmetries such as supersymmetry and integrability, many computations have been done.
In addition to the conformal symmetry, this theory has an SO (6) ~ SU (4) symmetry that rotates the six
scalars and the four fermions. Combined with supersymmetry, this forms a superconformal group that goes
under the name PSU (4 | 4) .

A< 1, ByEs (NYEL7) Z R EERRSE. 5 A —HretE RN, HEMERRE, £1X
PP REREAR, EFHENTR, AR MR, AMIEE%MR TRZIE, R
HIEXFRIESD, ZIILIEFFAE— SO (6) ~ SU (4) MFRME, FIheFz NS MREFIYN SR T, 45578
XRMEE, XIERR T — 440 PSU (4 | 4) BIEIERE

The corresponding AdSs theory is obtained from a ten-dimensional string theory on AdSs x S° . This
ten-dimensional string theory reduces to a certain (super)gravity theory in ten dimensions at low energies.
This gravity theory contains a higher form electric and magnetic field strength with five indices Fy, ..., . (The
ordinary electromagnetic field strength has two antisymmetric indices). The flux of this magnetic flux on S°
is quantized to an integer N, f¢sF5 « N . This integer is identified with the number of colors, N, of the gauge
theory. The value of the string coupling, g; , is given by the expectation value of a scalar field. It turns out that
g5 g% - Similarly, there is a second scalar field that should be identified with the 6 angle. This AdSs x S°
solution is invariant under the SO (2, 4) isometries of AdS s , the SO (6) rotation symmetry of the five-sphere
and also 32 supersymmetry transformations. All of these form the supergroup PSU (4 | 4) , the same we had
in the CFT. This is a first consistency check of the correspondence, both sides have the same symmetries.

XN AdSs BRI H AdSs x S° ERH4EZ3it, XN T4ELIISIERRE LML A -H4E ()
SI0EIE, &SI BRSNS F, ..., AIEMTE RS R, (5l FR 75 ERE R
XRFER)e S5 b i hhiE & @ B R T NN, [ Fs &« N o IXPNEEEON BATTEHHE B 5L
N, ZHEER g H— M EZNHZEESE, &5 g « gdy . BB, FEEIREY
R 6 i, IXA AdSs x S° fIRAE AdSs [ SO (2,4) ZREERE, TLERE SO (6) HEEE xR DAK 32 4
N PR NMRRF A, AT XN PR RI R T8 EE PSU (4 | 4), FIHTEZISHRIER—8
XX AdS/CFT A R ERY S — A — Stk e mMEA R R BN R,

The ten-dimensional Einstein equations then imply that the radius of curvature of both the AdSs and the
S° scales like R o NV 4lp , in terms of the ten-dimensional Planck scale. This means that N needs to be large,
N > 1, in order for us to trust the gravity approximation, and also for strings to be weakly coupled.
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THEZRAUE TR, U 4ES T RS R, AdSs Fl S5 RUHIEERETE R o« V4L AR, X
EWRE N FERK, iR N> 1, BIIAEMGETIHEL, FRNRIEZLE T 9585,

In string theory, there is a further requirement for gravity to be a good approximation, which is that the
radius of curvature should be larger than the string length. The radius of curvature in units of the string length

is

e, SO REFEPOEFES — TR, BIRAERN AR TIRRK, PR KON BRI

AL R

R*
T gymMN =4 (29)
S
Therefore, to trust the gravity solution, we need A > 1. This is perfectly complementary to the regime
A < 1, which is when the gauge theory is weakly coupled. This implies that when one side is easy to analyze,
the other is hard, and vice versa. This makes the conjecture hard to test, but it also makes it useful if true,

since it transforms a difficult problem into an easy one.

Kitt, ZIESIMERRL, BATHRE 1> 1, XEEHIEHESTHXE 1 < 1 2204, XBEWE
SHA—T G T oM, H—I7sELr, RZIRR. X — R RIRERR S, (HaRER
Az, EE A F— RO B RE R MR L faf B[R]

There is an interesting limit that consists of taking N — oo keeping A fixed. In this limit, a simple
argument suggests that the theory should become some kind of string theory [28]. The idea is that only
certain planar Feynman diagrams contribute in this limit. In other words, particles form chains according to
the way the color indices are contracted, and different chains interact weakly with each other. It was initially
thought that these strings would live in four dimensions, but it was suggested in [29] that they could live in

five dimensions. Here we see they live in ten dimensions.

FHE-DHBAINRIR: BN — oo RINCREF A BIE, EZMRT, — M RAHESRITIZIEIE N 2
RBNFRZIE [28]0 HAROWRUE, SRR T ARER-FHg: 2 Aok, #aigi, Nyra
IR AR A 7T SUE A, ARIBEZ MBI AR, BTN LG A LT DU A
H, ESCER [29] SR EMTATREFAE T 4RI, MBAABEEENEFEE T H4E=RF,

These planar diagrams lead to an integrable system for this particular theory [30]. This integrable struc-
ture is also present for quantum strings moving in AdSs x S° . The energies of these states can be computed
exactly as function of 4, interpolating continuously between the weak coupling 4 <« 1 and strong coupling
A > 1 results. This shows that the chain of gluons that we have at weak coupling metamorphoses into the

smooth ten-dimensional string we have at strong coupling.

X EODIZ R R IR 4 B T — N AT SE [30] XM SIS RIFEAFTE T1E AdSs X S° Bz
AR T2 b IXEESHIRER A DAEN A R EBHETHTHE, 3980 1 < 1 8RN E 1> 145
R EESHHE, XEABRNESSHEE MR FRER L A S TR 4E%,

Just to be more concrete on this point. At large N , the spectrum can be described in terms of a Fock

space. This Fock space is generated by single trace operators in the gauge theory and single string states in
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the bulk. These single trace operators have the schematic form

NTHERX— RIS E R, RN, REMG AT DARIfE o 23 [AlHA XM v 2 1A MBI Y B2
EAFAMAR I BASZ A R, XL E AR XN

Tr [®;D, -+ ®,,] (30)

where @ denotes a gauge field strength F,,,, , a fermion field ¢ , or scalar ¢!, or any number of derivatives
acting on these fields, such as D, D,,, ¢ for example. These fields are in the adjoint representation so we can
think of them as N X N matrices in color space so that in (30) we are taking the trace of the product of
these matrices. There is a large number of operators of this kind that we can write. At zero coupling, their
conformal dimension is just the sum of the conformal dimensions of each of the "letters” ®@; that make the
operator. At strong coupling, most of these fields acquire a large conformal dimension. There is only a small
fraction of these that retain their zero coupling dimension. These are operators that are in small or special
representations of PSU (4 | 4) , which are called BPS representations. On the gravity side, these are all the
ten-dimensional massless fields of the supergravity theory. All other operators become massive string states
at strong coupling. The lowest massive string state has a mass of order 1/l in ten dimensions and leads to an
anomalous dimension of order A ~ R/l; & AV/* for 1 > 1. At weak coupling the lightest non-BPS operator
is the operator Tr [¢i¢i] which has dimension A = 2 when 4 = 0. Its dimension can be computed for any
value of 1 using the methods of integrability, which gives an interpolating function that goes between A = 2
for zero 2 and A ~ 2414 for large 1 > 1 [30]. This constitutes a very strong test of the duality in the large N

limit.

Hrt o oMU E E,,  FORT I o o BibREY ¢, MATDURIEREIX Y BERN S5, #1
41 Dy, Dy, ¢ o XEGE T HBERR, FIHFATR LR EN TN G2 I N x N ZE5/E, 1XFE (30) X
R IX LR PSRRI, BATA] AT R RIXKRLT, £FMAN, ENRB4EERUR AL
BRFRED “BoT” o MHBEE M, EIRME T, KRR SRERAIITEAEE, H
ARD—EIRERE TSN A4, RERFTET PSU (4 | 4) F/INORERFFRRR, BN
BPS FiRo 1EGI M, XEX NS ABIeHATE TR, T HAWEAFERES T
NG FRETZAS, RARIE FURIZASTE TR RSN 11, N 1> 1 BRI A ~ R/l o« AV
MR, TES9RE T, RZHVAEBPS RIFRRM Tr(é'¢'], HA=0NEN4EENA =2, F
FIRIRPE 7SR A DOSER A MEHH R ER4EE, [F8—MEERE, £F AN MA=2, RKi1>1
I A ~ 2414 [30], IXRA K N AR N B AEE G TR,

One important property of the spectrum of single particle states is the following. At weak coupling there
are many light states with spins S > 2. This reflects the fact that different particles making up the chain (30)
move independently on the S3 . However, at strong coupling, any state with spin S > 2 has an anomalous
dimension of order A1/4 . So at strong coupling only very special collective excitations remain light. We expect
that any theory with weakly coupled higher spin particles that includes the graviton would reduce to Einstein
gravity if Ag., > A with A
R/A ,, [31].

> 1. Then gravity approximation will be good for distances larger than

gap > gap

gap [
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BOR T ASREGH — DEZPERRANT: £ AT, FEREAIEN S > 2 RS, XKL T REE
(30) AR FAE S° LARS7IzE), (EESEMEE T, EMEEN s > 2 SRR R 14 1
REYERE, RISEME S T AR BRI R RIS, BTN, 5 Agy 2 Ay, H
Agp > 1, [EMEESILT. BAEES R BIN TIEICE S0 ZREBEE ), 151
IERD KT R/A g [31] FIFEEIEH

Note that the bulk string theory has a well-defined perturbative expansion, without unknown coun-
terterms (as opposed to the case of gravity as an effective theory). So, in principle, we can check it to any
order in the g; ~ 1/N expansion. Furthermore, in some cases the exact answer is known, including all non-

perturbative terms [32, 33] .

FEERNZE, AZHEICRAE X RIFMILEIT, MEERRHRIHI X510 AREIER5
AN FIBEEN L, FATAIBIE g5 ~ N BIFHERMRIEE, i, EREFR FRIMNEAE
B T U EAE AR [32, 33] RURETHE.

There are other AdS/CFT pairs where we know both the CFT and the bulk theory. Another highly sym-
metric example involves AdS, . The dual theory is a Chern Simons matter theory, a theory of massless in-
teracting non-abelian anyons [34]. In this case, the bulk theory could be viewed as a ten-dimensional theory
on AdS, X CP? . Or, for a special value of the parameters, as an 11-dimensional theory on AdS, x S7 . The
partition function on the S* can be computed on the CFT and matched to the expression obtained in gravity
as in (20) [35,36].

A HABFAIREC AN CFT L ERABICH) AdS/CFT X, 55— NS ENFREIBEI T & AdS, » Hoxt
MBI ZFR-PEST Y I, XE—RToi e B AR DURMER FHIE [34], fEIXBIE T, K
HIen] LETER AdS, x CP? BRI T4ERIE; N TSEEVRIIABUE, Ethn] DUZ AdS, x S7 ERY+—
AEBHIE, BATTATDAE CFT A HHR S ERIBEC BREY, F551 7770 (20) 15 2IHIFAFILEL [35,36].

In all the known examples where we know both the CFT and the bulk theory, the bulk theory is a 10- or
11-dimensional theory on a space with an AdS factor (or warped factor). We do not have a general method
for generating dual pairs, namely to find the CFT if the bulk is known, or vice versa. We will recall in the
next subsection the particular setup that gave rise to the original examples. From these, we can generate
others by turning on marginal deformations. Alternatively, we can turn on relevant deformations that lead to

a renormalization group flow to a new fixed point.

FEFTEEAIBEE R CFT the ARSI IA G 7, AEISERETH AdS BT (S ihEF 1) fy=
A]_EAY-H4Ee - —4EREE, BATH AT SO X REM 77, BERAEITE CFT, BUgRkid
Ko BATRAE D —/ NI R A BB AURFEAIE, EIE E, AT POEE I Ria %P a4
SRHEAB XS, A DOTEMREE, 51k BRI AR,

Why Is the Correspondence Reasonable?

P 2IXAR PR A BRI ?
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The original example arose by thinking about black holes and black branes in string theory. The discov-
ery of D-branes [37] provided the essential link. D-branes are relatively heavy objects, which are, in some
sense, between elementary particles and black holes. More precisely, they are a type of soliton in string the-
ory whose excitations have a very precise mathematical description involving open strings. The low energy
limit of this description reduces to supersymmetric versions of gauge theories. The transverse positions of
D-branes become non-abelian scalar fields. For example, in the case of 3-branes in ten dimensions, this low-
energy theory is precisely V' = 4 supersymmetric U (N) gauge theory. At the same time, D-branes carry the
generalized electric and magnetic fluxes of the supergravity theories. In particular, they source the five form
field strength with five indices Fs . If this flux is large, the backreaction is large, and we get an extremal black
brane solution [38]. This solution has a region near the horizon with the AdS; X S5 geometry. This region has
a relatively small value of the redshift factor goy < 1, due to the geometry of AdS5 . This means that general
excitations living in the near horizon geometry appear to have very low energy as seen from the outside. So
it is tempting to identify the two low-energy descriptions of D-branes: the gauge theory with the AdSs X S;
region of the geometry [1].

AR5 B X 5218 R A 5 RARATEE , D BERA IR [37] fefit TR HEERE, D R BRI
REWPME, WNEREX BV, ENTEAR TS RBTEZA, BRI, 22Ziehr—X0r,
HBU A BT R B E R R AT 3 R RRRER IRIB (B FRALTE 1L, D IR
(oA B2 AR DURBR &Y, BlaN, T4 mig 3 B, XMRREEISB T E v = 4
EXAR U (V) BYEERIR, [N, D RIEHIES BRI s R MR E, B4R, D RZH
BN e A58 Fs BT, MFRZEERAR, §RREMABIRE, BITMIEE—MomnE
JRAR [38]0 IXMERIHLSLIE X AFLE AdSs x Ss JUAl, 32 AdSs JUAIAYRENE, ZIXIRALLAS A+
oo < LIEMDBUIN, IXTEIRFE WINERILIN,  A=TEAEST ARG LAl o i Sl A AR R AS RE BRI
HEFRATTR B 28R D IR A RERNA S5 (R MUYEERIR X ML LAY AdSs x S5 XI5 [1],

There are other roads that might also have taken to the same answer. We could start from V' = 4 super
Yang-Mills at large N . Then one can argue that gauge theories at large N give rise to strings. Due to a
conformal anomaly on the string worldsheet, such a string should move in more than four dimensions [29].
In order to realize the conformal symmetry of the gauge theory, one could guess that the geometry should
contain an AdSs factor. Having added one extra dimension, we could add five more and get to ten dimensions
where we have well-understood string theories. This leads us to consider AdSs x S° , which has the same
PSU (4 | 4) symmetries as the gauge theory.

A BB MEES R RS E, FRATATPAMA N TH N = 4 8 Yang-Mills BIEHIZ, A] PAUERA,
RN FRMTEEIE S E7R, BT 2R m AR, X2 SR T 4R 23 R i
) [29] N 7 SRBIAEERIR RIS RN, BATRT DAHEI 2 LT S % — 1 AdSs Bl 7 #Ehn—
PNONERE S, BATA] DI DR, RASFET4Esh, MBI 42t Caf 78 i
fit, XRS5 SEANTBE AdSs x °, ENMTEHEICIEAHRIN PSU (4 | 4) MFRE,

Another possible road one might have taken involves ideas motivated by the Bekenstein black hole en-
tropy formula [39]. Since the entropy is given by the area rather than the volume one expects that in a quantum
theory of gravity, there should be a sort of dimensional reduction [40, 41] analogous to the way that an optical
hologram stores a three-dimensional image on a two-dimensional surface. Anti-de-Sitter space is a natural
case where there is a boundary far away where this dimensional reduction could take place [3]. There the
symmetries suggest a correspondence to a CFT. Starting from AdSs X S5 and looking for a CFT with the right
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symmetries, one would have been led to guess a correspondence to N' = 4 super Yang Mills.

55— AT RERY SRS SR B DU B RIS A 25 R B9S8R [39]. H T RIS AR m AR ARRE Y, 3R
AT DA, TE& 51 /1B N Y AR IR 4E 201K [40,41], WUBOCE R REEIE —4ERH 117
il =4EEG M, RIBPER S AR X R EEAMEARRENT =, EA —MRBIZAILR 3], X
HANFRERR T ES CFT BN, M AdSs x Ss ik, SHREANNNFRER CFT, AT
F'E5 N = 4 i Yang-Mills FYXT R AEAE,

The original argument used D-branes as a crucial bridge to propose the duality. By considering branes at
geometric singularities, it is also possible to generate many other examples. By now there are infinite families
of dual pairs, for which we have various amounts of evidence. All of these dual pairs involve a 10- or 11-

dimensional background of string or M-theory.

BROIFCIEDA D BRAE B RAR H 7 IX— W M, @5 R L& RARIR, BAERT AR E]
P HMB T, BIHATNIE, CREETLS ZHEMEX, BAITHBES T ARERERNIEE,. X
LEXHEXT AR SR Ie s M BRI 10 4EEL 11 489 5

However, we do not know whether there are other examples. One difficulty is that it is hard to construct
conformal field theories. It is also hard to construct consistent quantum theories of gravity, all the examples
that we have come from compactifications of 10-dimensional string theory or its 11 dimensional M-theory

cousin.

BFEATH FENTERE RS EEHME] T, —MERETHIESICAR SRS, BiarE 15
W WFEFEEDEIE, TATIA A HIFERR B 10 4E50080H 11 4509 M FISHE RURBUL,
T <Ny <3N s

conformal in the IR [42]. For large N one might expect these to have a weakly coupled limit. However, the

There are some interesting large N CFTs. For example, N’ = 1 SUSY QCD with an

large flavor symmetry seems to be problematic for having a weakly coupled dual limit, and we do not know

of a good dual candidate. Similar fixed points are expected to exist in non-supersymmetric QCD.

fAtE— I N 3518, I, A e < Ny < 3N, 000V = 1| BAFRR T (0 A1
DRI [42], FFAN, BITSVFRT DR 17 (LSRRI, AT, ABRTBRAERS F17 18
S AR BRI 2 f7 AE TR, TR R TR (BRI {FBIRRIRE T €33 12N
HAEER MU

One interesting class of conformal field theories are d = 30 (IN) Wilson-Fischer fixed points. These are
not supersymmetric. It has been proposed in [43] that these theories are dual to a gravity theory (Vasiliev-
gravity [44]) with an infinite number of almost massless fields with spins S > 2. In particular, these large
N theories are not dual to an Einstein gravity theory. The weak coupling limit, A <« 1, of N = 4 super
Yang-Mills also involves an infinite number of nearly massless higher spin fields in the bulk. These examples
highlight the fact that the general dual of a CFT might not be a standard Einstein gravity theory. Einstein
gravity theories seem to arise only in some cases, but we do not know how representative those cases are
within the set of possible CFTs.
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—RAEBRIIIEHILR d = 30 (N) BURE- B E/RAF, ENV2AREX TR, STk [43] 128, X
SO T — 5 I (U BRG] [44]), X5 IHEHRIHETCTH 2 BN S > 2 NI
iy, BAME, XER N HISHANMETEZRYIES IS, N = 4 @ K/RETE S5 E
R A < 1 FERZ AP SIS 2 MNEERBRN &S 7, XEHITFRE 17— K P
—ROMEA R R ERZ KA IS, ZREHHE BN TER B FHBL, BATH
HIFFANTE R IR LB TEAE T A Al RERI e Fh R AR Ml

Entanglement and Geometry

algi s LA

An interesting geometry to consider is the double-sided Schwarzschild black hole. This is simply the full

analytic extension of the Lorentzian version of (21). Its Penrose diagram can be seen in Fig. 6. This geometry

contains two asymptotic boundaries. These two boundaries are disconnected on the boundary, but they are

connected through the bulk. The bulk geometry contains horizons, and it is not possible to send a signal from

one boundary to the other. The idea is that we have two separate CFTs, each describing one of the boundaries.

The geometry is dual to an entangled state on the product of the Hilbert spaces describing the left CFT and
the right CFT [51]. For this geometry, it is a special entangled state called the “thermofield double”

{EFSHFFEH)— DA RE) LAl U 58 FUPE 8T, et (21) ISE AR e Bt it ih, HZ D i
ER] DA 6, UM E SN ENEIL SR, WANAFHE S SR, EEd A, (KU S,
KL TETEMN— ISR A S — MR A E S, —RAVERZE, TOTENMHZREZIE (CFT),
BARIR— NG5, ZILANET/E CFT f45 CFT f/RMARF SRR LA — NS [51], A%
JURPRSE, B2 —DRIRIMER, TR "™

left
Boundary
(time)xS¢-1

ITFD) « Y’ e™PEn/2|E, ) |Ey)p
n

left
exterio

singularity

future
interior

right

r exterior

past
interior
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(31)

horizon

right
boundary
(time)xS9-1

Fig. 6 The two-sided Schwarzschild AdS black hole Penrose diagram. On each point of this diagram we

have an S¢~1 . We have two disconnected cylindrical boundaries. They are connected in the interior. Since
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light rays propagate at 45 degrees we see that is not possible to send a signal from the left boundary to the
right boundary

& 6 WML FLPG AdS SR E A, ZEE DR EHE D s . BITEM DM EEHTE
5, EMENERIIE, BTeET 45 LR, mIL %(H)\Elﬂﬁﬁ%’ﬁmﬁkﬁﬁ%

where the sum runs over all the energy eigenstates of a single CFT on (time) xS9~! . Since we cannot
send information using entanglement, this is consistent with the fact that the horizons prevent communi-
cation between the two sides. Furthermore, any deformations of the bulk state also lead to geometries for
which the two boundaries are disconnected. This is a general property of Lorentzian geometries with mul-
tiple boundaries [48]. Then, general multiboundary geometries can be interpreted as entangled states, and
interesting ones can be produced by suitable perturbations of the two-sided black hole [49]. It is also possible
to introduce a coupling between the two sides, which can make the wormhole traversable [50] in a way that
is connected with quantum teleportation. One can speculate that for general systems, there is some form of

geometric connection between entangled states, an idea that is described by the ER=EPR slogan [56].

HAr kAT i B CFT 1 (F[A]) x S9! LR A RERAMIER, HTFBAITCIEF HMMEEEE R, X
SMSBHIERMEF ST —8 b, RS ERTEZE NSRRI ML SR R LA, X2
ZINFIEACTET LA — MM [48], [Rltk, — M2 30 5 LI mT DARRRE DU B A, @ﬁi@‘wﬂﬂﬂﬁl
& Y sh v] ARG IE V2 BB IETE [49]. FATTERT DAFEMMIZ [E 5| ARS &, XEELERIF AT 29T
[50], XSRS BRTRIPESER, BATTLUEE, N—RRgms, 4 ,_\Zrﬂﬁﬁﬁﬁﬂéiﬁﬁ’\]
JURIZERE, XAMEEWHEFE ) ER=EPR [0 [56],

In these cases, one can wonder how much of the bulk is described by each CFT on its own. The answer
to this question is suggested by a very important development for the study of the correspondence, which is
a gravitational formula that measures the von-Neumann (or fine grained) entropy of the bulk state [52-55].
This formula is somewhat similar to the black hole entropy formula since it gives the entropy in terms of the

area of a surface. The difference lies in how we pick the surface. The formula is

XGRS, FATATLOERIEAS CFT B B RERIR 2 RAIAX IS, IX AN A] B E 5K B K AR
B — DR EE AR AMRE T 510 A, ARERARSHD - TEKk e (RN4IRE) 1
[52-55)c ZATHIRTARGARA LR, FOVEHRRER RO M A mR, DXAIAE TR
AR, AR

S = min{ext[ IZN + SZX]} (32)
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Extremal surface

|~ Entanglement wedge

left
boundary right

boundary

Fig. 7 We consider a wormhole geometry with matter inside so that it is longer than the one in Fig. 6. We
consider the entanglement wedge of the right side. The location of X* depends on the details of the geometry,
but it is behind the horizon for the right side. The Entanglement wedge is the full domain of dependence of
the surface ),

& 7 BATEIE— N EF R B RTE L, EEEE 6 PRI RIME K, RATZEAMAILMER, x*
AR BT TUA RIS, HEMTHAMSRAET . HERUZEhE Y, BB MRHUR

We first compute the quantity in the brackets where X is a codimension two surface, Ay is its area, and
2.x is a codimension one space-like surface that goes from X to the boundary. SZX is the entropy of the
quantum fields of the semiclassical gravity description of the state. Then we are supposed to extremize with
respect to the choice of X . If there is more than one extremum, we are supposed to consider the one with the
minimal value. This formula suggests an answer for the region that is described by a single boundary CFT:
it is the region that is uniquely determined by initial conditions on the surface }} .. where X* is the surface
we find after the extremization and minimization process. By “"described” we mean that we can recover the
quantum state of a probe qubit living in this region by performing operations purely on the single boundary
CFT. This is called "entanglement wedge reconstruction hypothesis” [57]. For a review of recent applications
to the black hole information problem, see [58].

PATE SRR SRR Hh X ZR4ERC) 2 B, Ax REMER, 3 B X EHEIERE
RYEEN 1 R, Sy RIRASFEMS | N R0, £ N REAITREX X [9IEHR
e, MR IRAE, BATEBEBIER/ NI AT BDILS CFT RERIIRHI X IR
AT —NER X Y, EROPMESRAME—fE, Heb x* BRNEIREAR/ME
HREGEIRE, A W RRER, JATA] OB SR NILS CFT _E#fE, EMHIZIX
BRI R 7 R R TS, X2 “AEREMIRIR” [57], ARIZRIZAERFEE R
R FHIZRR, 20 (58],

A related set of interesting developments that we will not discuss are the qualitative connection between
“tensor networks” and the structure of the bulk [59] as well as connections between the extraction of bulk

information and quantum error correction [60] (Fig. 7).

7 HRAERE REATAEL e, B “KEMZE” TR REEERER [59], AR
PME B R 7258 IR SRR [60](& 7).
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Beyond Anti-de-Sitter Space

e R P YR A )

Nonconformal Theories
JEALIE PR

Once the correspondence is true for a CFT, then it is clear that we can add a single trace relevant de-
formation. This corresponds to changing the boundary value for a scalar field at the AdS boundary. Then
this field has a nonzero vev in the bulk that breaks the scaling symmetry. However, we expect that the two
sides should still be dual to each other. We can generate such flows by adding masses to the V' = 4 theory,
see e.g.,[46]. A theory that is nearly conformal is the SYK model [45], which has many similarities with near
extremal black holes and involves a spacetime that is nearly AdS, . In this case, we do not have a clear bulk
definition of the dual gravity theory, and it does not appear to have a local bulk Lagrangian. It is also possible
to generate nonconformal examples starting from other D- p -branes, with p < 3 [47].

—EXINER AR IEZIC AL, BAABAMTHIAT AN #2320 Relevant JEAE, IXR WK AEIREIATE AdS
BFERIIASE, ZJEAERSRRGIETESIEE, BEIA TR, NI
PIARIAE AR, FATAT DUBE S v = 4 BHETRINBT R A UK, B+ WSk [46], SYK #5
RUZIECSHERELS [45], ©50HmBRRAE SO, B RIREEL0N AdS, . EIZIEE
T, BRGNS ES I BIETEMBIA S EE X, ELCP AR RBAZ ARSI H &, MWH
fth D- p R A M AT DAIEAERERIBI T, W p < 3[47].

Speculations About Gravity Duals for Any Quantum System

(ER=S =@ ClPIPUE N7

These examples suggest that any quantum system could be somehow dual to a quantum theory of gravity.
So far, we only understand special cases. We do not have a general enough definition of "quantum gravity”
where this is true. It would be interesting to understand whether this is true or not. If it is not, where lies
the demarcation line between systems that have a dual and those that do not? One possibility is that the bulk
description only emerges as an approximation. This would make gravity somehow “less fundamental” than
the boundary theory. Perhaps the inverse is true, there is a fundamental theory of quantum gravity, and it is

only in situations where we have a boundary that a quantum mechanics theory emerges.

XEERIFRI, EERETRIUESATREEREME Y EXMET MR35 08E. FIHADE, B
BRI RGO HIRIR RG], BANEIREHR RS EIEN “BF5107 X, sELX AR, E
HEREGEMSRRAR T, RERHL, IEENBRRFGA N FEA BRI Z AR
IIREAENRER? —RATREMER, BUARIA R MEMECURELHRE), XRIESINAERAE L LD
SREE ARG, BFROERA N FAE N EEMR T 5 EIE, Ry ORI G EAED
SRS M =B
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Spacetimes with Other Asymptotic Structures

HAT HA L S I

There is an interesting proposal for computing the flat space S-matrix in 11 dimensions by using a quan-
tum mechanical matrix theory [61] which is in the spirit of the AdS/CFT correspondence (and preceded it!)

since it relates a quantum system to a theory of gravity.

H—MEBITTR, AR THEERERIE [61] HHE 11 4P R S JEFE, %75 588108 AdS/CFT
XREAR (HRIHERD ), FANER— MR FRAES5IIHIEREER,

In the case of de-Sitter space, the boundary is space-like, and it lives in the far future and/or the far past,
so it is natural to conjecture that it is described by a Euclidean field theory [62, 63] living there. Unfortunately,

we have no example where the bulk theory is an Einstein theory of gravity.

XN TIEERER, HIAFONERSIDR, MTFEARki/sEd %, RLREARTEEEHFET
ZAERIRR) LS IR [62, 63], MIEATZE, HATHATAREICHZ KHTHEG BRI LHl,

A Challenge for the Correspondence

X AdS/CFT X WP — ik ik

There is an interesting two-dimensional theory of gravity, called JT gravity, that has a well-defined ex-
pansion in terms of a sum over geometries. Nevertheless, it is not dual to a quantum mechanics theory at the
boundary. Instead, it is dual to an ensemble of quantum mechanical theories, a theory where the Hamiltonian

is a random variable [19].

FAE—TNEB 45| e, LR IT 510, ZBEICRE LA SRAH T E R R, HEFHF
AELFRAH—DEFHAHICNE; Hk, ENETETFIFEICHNRSZE, BIEEE NREYAE
=AEIC [19].

This seems to say that we need to generalize our concept of the correspondence to consider the possibility
of having random Hamiltonians, at least for examples in two dimensions or less. On the other hand, for higher
dimensional theories, it seems that CFTs are rather constrained structures and that we cannot pick one at
random with some natural measure. The proper way to resolve this "tension” is still a matter of ongoing

research.

XL RAABATT T ZEHE ) AT NAERTIARD, DAz A e RIS i & i aT REME, =X+
#E N CERAEE RGN, ST, NTE&GENEIE, HESIE (CFT) A& B LRESRR
45K, BAVCEBISER BARMEREILER — M HIEZIe, RouX— “FJE" WIEHTEEZ

ongoing iff 7T IR,
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justice to all their contributions. There exist other reviews and books that cover the subject more extensively
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and include applications to other fields beyond problems in quantum gravity.
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